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Abstract 

Ultrasonic guided wave techniques offer an accurate and efficient procedure for damage monitoring in the structures. To develop reliable 
damage monitoring systems, it is essential to have a thorough understanding of the quantitative nature of ultrasonic guided waves that can be 
transmitted in composite laminates. In the present paper, the Semi-Analytical Finite Element (SAFE) method is employed due to its efficiency in 
the treatment of wave propagation problems involving complex materials and geometry. SAFE method is considered for the analysis of 
dispersion behaviour of guided waves in composite laminates by accounting the effect of in-plane load. The present study considers an infinite 
width plate such that the cross-section of the waveguide is modelled using 3 noded isoparametric 1-D elements representing the thickness of the 
plate. Equation of motion is formulated by using Hamilton’s equation. Finally, various parametric studies are carried out. The study includes 
analysing the effect of wave velocity in the plate subjected to applied in-plane load, and  understanding the effect of dispersion characteristics on 
the direction of propagation (slowness curve).  The study shows that at the lower frequency thickness product, the group velocity of the wave 
increases with the increase in the applied tensile load and vice-versa. 
  
Keywords: SAFE, Guided wave, Dispersion curve, slowness curve, Composite material, Prestressed plate 
 

1. Introduction 

Composite materials find their application in many 
engineering industries, especially in the field of mechanical, 
aerospace, marine and civil engineering due to their 
favourable engineering properties over conventional 
materials.,  However, these materials are highly susceptible 
to the hidden flaw that may arise due to mechanical damage 
and the service-related defects, which are caused by fatigue, 
impact of the foreign bodies or due to other unexpected 
events. These defects may grow to a critical size, which 
becomes unstable, causing the catastrophic failure of the 
entire structure. Therefore, it becomes essential to inspect 
the material during its manufacturing and overhaul period. 
Most of the inspection techniques are time-intensive and 
often requires the partial dismantling of the structure for 
evaluating the material condition in the critical structures, 
thereby increasing the cost of the inspection. But in the 
recent years, guided wave damage detection technique has 
become a more popular method in the non-destructive 
evaluation and the structural health monitoring (SHM) 
community due to its advantage of rapid evaluation over a 
large distance at the minimal expenses. 
Due to anisotropic property and layered structure of 
composite materials, the guided wave propagation 
phenomenon becomes complex as the dispersive behaviour 
of the wave depends upon the direction of propagation. 
Therefore, the calculation of the guided wave dispersion 

curve and associated mode shapes becomes a great 
challenge. Different approaches have been used by many 
researchers to solve the dispersion equation. Over hundreds 
of years, the theoretical formulation has been carried to 
study the dispersion behaviour. Dispersion study for rods 
was carried by Pochhammer [1] and Chree [2]. Later, 
Rayleigh and lamb studied dispersive behaviour in the 
plates. Some of the other earlier works include the studies 
conducted by Mindlin [3], Onoe [4], Gazis [5], Victorov [6], 
Graff [7], Auld [8] and Achenbach [9]. Later, Mal [10] made 
a theoretical study through recurrence relation using the 
Thomson-Haskell approach.  
Further to model and study the wave propagation behaviour 
in the complex geometry, prestress structure etc, the use of 
the analytical method becomes difficult. So apart from the 
analytical method, many researchers have worked on the 
numerical method to study the wave propagation behaviour. 
To study the dispersive behaviour in the honeycomb 
composite sandwich panel, waveguide finite element was 
employed by Baid et.al. [11]. Transfer matrix method 
(TMM) was used to solve the wave propagation problem in 
the layered medium [12], [13]. Later, Huber and Sause [14] 
used this method to study the dispersive behaviour in the 
composite laminated plate and developed a software named 
as Dispersion Calculator. In the case of the large frequency-
thickness (f-d) products, this method reported numerical 
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instability. To avoid this instability, reformulation of the 
TMM equations was proposed by Wang and Rokhlin [15]. 
The proposed method was coined as the Stiffness Matrix 
Method (SMM). The stable method known as Stiffness 
Transfer Matrix Method (STMM) was proposed by Kamal 
and Giurgiutiu [16], which aimed at overcoming the 
drawbacks of TMM and SMM. Later, Knopoff [17] was the 
first to develop the Global matrix method (GMM). Banerjee 
and Pol [18] have used this method to study the transient 
wave response in the composite honeycomb sandwich plate 
subjected to the surface excitation. Gavric [19] had made 
use of the Finite element method to study the wave 
propagation behaviour in rail. Later, Chitnis et.al. [20] have 
made use of a SAFE method to study the wave motion in 
fibre-reinforced composite laminates and sandwich plate. 
They conducted the study by taking into account the various 
displacement theories by assuming the variation in axial and 
transverse displacement along the plate thickness. 

These days, many researchers are focusing towards the 
use of the guided wave to study the propagation behaviour 
of the wave in the stress environment. To carry out this 
work, thorough knowledge of the dispersion characteristics 
of the guided wave is essential. Developing the 
methodologies to study the guided wave propagation in the 
pre-stressed structural element is the subject of the current 
research in the SHM field. In the case of guided wave 
propagation in the prestressing or deformed solid, Biot [21] 
was first to develop a mathematical formulation to solve 
such a problem. With the application of the Murnaghan 
theory to the isotropic structure, Hughes and Kelly [22] 
found out the velocities of the elastic wave in the stressed 
solids or acoustoelasticity. Similarly, Toupin [23] performed 
a study on the arbitrary symmetry structure. Qu and Liu [24] 
conducted the wave propagation study in the stressed 
layered media by generating the dispersion curve. Further, 
Lematre [25] developed the theory to understand the wave 
propagation in the stressed piezoelectric plate structure. 
Mott [26] found out that by adjusting or altering the 
material’s elastic properties, the guided wave propagation in 
a cylinder can be revised to incorporate the axial load effect. 
Later to understand the effect of stress on the phase velocity 
of guided modes in a strand, Dubuc et.al. [27] used an 
acoustoelastic theory for a rod.   

Apart from the theoretical studies, few researchers have 
used the SAFE method for analysing the dispersive 
characteristics in the pre-stressed structures. Work of Chen 
[28] and Loveday [29,30] shows the influence of the axial 
load on the guided wave propagation in the arbitrary cross-
section structures by employing a SAFE method. Marzani 
[31] studied the wave propagation in the viscoelastic 
axisymmetric waveguides. Later, Mazzotti [32] and Yang 
et.al. [33] carried out the work to understand the behaviour 
of the pre-stressed viscoelastic waveguides under the action 
of the axial loading. Treyssede [34,35] examined the wave 
behaviour in the helical beam and seven-wire strands which 
is the more complex structures. Ma et.al. [36] studied the 
behaviour of the feature guided wave in the axial stressed 
stringer using the acoustoelastic theory combined with the 
SAFE method. Yan and Yuan [37] used the SAFE method 
to study the characteristics of the shear wave mode by 
considering the phase at which wave converts from the 
evanescent wave modes to the propagating wave modes in 

an isotropic plate. Later, Hanfei et.al. [38] studied the 
behaviour of the wave in the delaminated plate by the 
application of horizontal shear wave, as it is less dispersive 
when compared to lamb wave for the large frequency range.  

 From the above literature, it can be seen that only a few 
researchers have used the horizontal shear wave (SH wave) 
to assess the condition of the structure. Due to its less 
dispersive behaviour when compared to other wave modes, 
it has lots of potential in the present time.  

The present study deals with the SAFE method by 
considering the in-plane and transverse displacement in the 
thickness direction to investigate the phenomenon of wave 
propagation in pre-stressed laminated composite plates. The 
present work aims at studying the dispersive behaviour of 
the propagating wave in the pre-stressed uni-directional 
laminated composite plate. The effect of propagating 
(steering) angle on the wave velocity is also discussed in 
this work.  

2. Mathematical framework 

The SAFE method is used to depict the wave behaviour 
in the plate subjected to initial in-plane load. In the SAFE 
method, the Finite Element Method (FEM) is combined with 
the analytical expression. FEM is used to describe the 
displacement field in the waveguide cross-section, while the 
displacement field, along the propagation direction is 
expressed analytically by a complex exponential function 
e(ikx) where k is the wavenumber of the Lamb wave which 
can be seen from the Fig. 1(a).  

The obtained mth eigenvalue km of the eigensystem 
denotes the wavenumber of the mth resonance mode and 
further, the dispersion curve is depicted. In the present case, 
the cross-section of the infinite width plate is sub discretised 
using 3-noded 1-D bar element as shown in Fig. 1 (b) and 
wave that propagates in the longitudinal x-direction is 
described by an orthogonal function e(ikx). 
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To model the wave propagation in the elastic waveguides, 
Finite element formulation was developed by Gavric [19] 
and applied this method to understand the wave propagation 
characteristics in the rails. Similar works have been carried 
out by the other researchers. Damljanovic´ and Weaver [39] 
used a transformation to achieve symmetric eigenvalue 
problem comparable to that presented by Gavric´ [38] as 
shown in Eq. (1). 

 
2 2

1 2 3K +kK +k K -ω M Q= 0                      (1) 

Where,   
el 1n

T T
1 1 (e) 1

e=1 -1

K = T B C B dξ T
 
 
 
                            (2) 

 
el 1n

T T T
2 1 (e) 2 2 (e) 1

e=1 -1

-iK = T B C B -B C B dξ T
 
 
 
           (3) 

el 1n
T T

3 2 (e) 2
e=1 -1

K = T B C B dξ T
 
 
 
                             (4) 

el 1n
T T

(e)
e=1 -1

M= T N ρ Ndξ T
 
 
 
                                 (5) 

Here T is the Hermitian matrix such that T.TT = I. 

The kinetic energy is used to derive the mass matrix (M) 
whereas, strain energy is used to derive the stiffness matrix, 
which depends on the wavenumber (k). 

The application of an initial load leads to an additional 
term in the strain energy which in turn add a term to the 
stiffness matrix. 

2.1. Plate with initial in-plane load 

The effect of axial load for the analysis of the rods and the 
rails has been carried out by using the SAFE method [29]. 
Therefore, the same concept can be applied to study the 
dispersion behaviour of the plate subjected to initial in-plane 
load.  

Potential energy per unit volume can be written as the sum 
of the strain energy associated with small amplitude elastic 
wave (in terms of σ) and the work performed by the initial 
stress (in terms of σ (0)) which is shown as   

TT (e) (0) (e)1
U= σ .ε  + σ .ε

2
                                   (6) 

As the in-plane load is applied only in the x-direction, the 
initial stress developed due to this load (0)

xx  is retained. 

Therefore, the strain energy due to the initial in-plane load is 
written as  

22 2
(0) (0) (0)
xx xx xx xx

1
σ .ε = σ . + σ .

2
yx x z

uu u u

x x x x

                     

    (7) 

The term (0). x
xx

u

x
 


 vanishes, when the Hamiltonian 

variation of the waveguide is taken as in [40] or when the 
Lagrange equation is applied as in [41]. Then by substituting 
the displacement interpolation function, an additional strain 
energy term is yield. Hence, Eq. (7) can be expressed as  
 

el 1n(0) (0)
T Txx xx

4 (e)
e=1 -1

σ σ
K = T N ρ Ndξ T= M

ρ ρ

 
 
 
              (8) 

 

Adding Eq. (8) in the governing equation, the Eq. (1) is 
rewritten as  

2 2
1 2 3 4K +kK +k (K +K )-ω M Q= 0                  (9) 

Eq. (9) has two variables, the wavenumber (k) and circular 
frequency (ω). Therefore, this equation can be solved by 
specifying the frequency ω and then solving for the 
wavenumber k.  Hence, Eq. (9) is changed to a linear form 
as  

 



Q

A - k.B = 0
kQ

 
 
  

                                (10) 

The Eq. (10) is the eigenvalue problem with the size of 2M. 
The obtained eigenvalue km is the mth wavenumber and the 
corresponding eigenvector represent the modal 
displacement. The phase velocity of the mth mode of the 
frequency ω is given by Cpm= ω/km. Based on the 
characteristics of the displacement profile obtained in terms 
of eigenvector, the wave is categories as Lamb wave, Shear 
wave or Mixed wave as proposed by Bartoli [39].  
The group velocity is given by the equation Cg=   dω/dk. But 
in the SAFE method, the group velocity of the propagating 
mode can be directly derived from the Eigen solution of the 
phase velocity, which was proposed by Finnveden [42] and 
Bartoli [43].  

    
 

T

L R2 3 4
g T

L R

Q K +2k K +K Qω
C  

k 2ωQ MQ


 


            (11) 

where, QL  and RQ are the left and right eigenvectors. 

 

3. Results and Discussions 

  In this section, the dispersion equation which is formulated 
by using the SAFE method is solved numerically by 
considering the multi-layered laminated plate subjected to 
initial in-plane load. To perform the numerical solution, the 
SAFE formulation is implemented in MATLAB 2018a 
program. The resulting dispersion curve is presented in 
terms of the phase velocity and the group velocity. The 
results are validated with the results obtained from the 
Global matrix method by Banerjee and Pol [18] and the 
Dispersion Calculator software developed by Huber [14], 
which is shown in Fig. 3. It is necessary to know that while 
using the Finite Element (FE) approach, the convergence of 
the solution is important to get a more accurate solution. 
This convergence issue is handled by increasing the number 
of elements. The study showed that by discretising the 
plate’s cross-section by the 12 elements, the result gets 
converge. Therefore, in further studies, the results are 
obtained by discretising the plate’s cross-section by 12 
elements. 
Throughout the paper, the dispersive behaviour of the 
transversely isotropic composite plate which is subjected to 
initial in-plane load is studied by considering the properties 
shown in Table 1 unless otherwise specified.  
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Table-1 Engineering properties of the composite plate   

Engineering Parameter  
E1 144.646 GPa 

E2, E3 9.636 GPa 
υ12, υ13 0.29927 

υ23 0.284742 
G12, G13 6 GPa 

G23 4 GPa 
ρ 1550 kg/m3 

3.1. Validation study 

To validate the computational strategies used in this paper, 
unidirectional composite plate with the plies oriented at 0o 
and the properties mentioned in Table. 1 is considered. The 
phase velocity obtained from the SAFE is compared with 
numerical matrix-based solution [18] and the Dispersion 
Calculator software program [14]. The result is plotted in 
Fig. 3. 

 
It can be seen from Fig. 3 that phase velocity obtained from 
the SAFE is identical to the one obtained from the 
Dispersion Calculator irrespective of the mode. However, 
the velocity of the S0 mode, which is obtained from the 
SAFE method is consistent with the analytical calculation 
up to the frequency thickness product (f.d) of 1.3 MHz-mm 
and further at the higher frequency thickness product, 
velocity deviates by the small amount from the analytically 
obtained velocity. In the case of the phase velocity of the A0 
mode, the SAFE result begins to diverge by a small amount 
at lower frequency thickness product itself, which is shown 
in Fig. 3. Thus, we can conclude that the SAFE results are in 
excellent agreement with the Dispersion Calculator results. 
While the velocities are well agreed with analytical results 
up to a f.d of 1.3 MHz-mm and a further increase in the f.d, 
the result begins to diverge.  
 
3.2. Case Study 

In this section, the dispersive behaviour of the guided wave 
in the laminated composite plate which is subjected to the 
initial in-plane load is studied. The main objective of the 
study is to understand the variation in the wave velocity due 
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 to the effect of the initial load that is applied on the plate 
and also to study the dispersive nature of the lamb wave and 
shear wave propagating in different steering angles. In the 
present study, the load is presented in terms of the strain 
experienced by the plate. In this paper, the analysis of the 
unidirectional composite laminated plate whose plies are 
orientated at 0o is carried out.  It is important to note that 
only the propagating wave modes are considered in the 
study and evanescent wave mode (pure imaginary 
wavenumber) or attenuated wave (complex wavenumber) is 
not involved in the study.  

Case Study 1: Dispersion Behaviour of wave in the 
laminated composite plate. 

Before analysing the wave behaviour in the preloaded plate, 
it is necessary to study the behaviour of the propagating 
wave in the unloaded plate. The study is carried out by 
plotting the dispersion curve of the wave propagating along 
the longitudinal direction of the fiber (i.e. 0o). Fig. 4 shows 
the dispersion curve representing the variation of the group 
velocity and the phase velocity for the frequency thickness 
product up to 2 MHz-mm. In the present study, apart from 
analysing the dispersion characteristics of the Lamb wave, 
the horizontal shear wave behaviour is also considered. 
Understanding the behaviour of the horizontal shear wave is 
very much essential in the present scenario. From Fig. 4, it 
can be seen that the group velocity and the phase velocity of 
the fundamental symmetric mode of the horizontal shear 
wave are non-dispersive for a large range of f.d. Due to this 
unique characteristic, many researchers are carrying out 
different studies using the S-H wave.  
The present study shows that the S0 mode of Lamb wave is 
initially less dispersive upto the frequency thickness product 
of 1 MHz-mm and then the wave becomes highly dispersive 
i.e. there is a sharp change in the velocity for the frequency 
thickness product in-between 1 MHz-mm to 1.25 MHz-mm. 
In the case of A0 mode, the wave is highly dispersive at the 
lower frequency thickness product upto 0.2 MHz-mm and 
with the further increase in the f.d, the A0 mode wave 
propagates with steady velocity. As seen from the discussion 
above, the SH-S0 mode is non-dispersive i.e. the wave 
propagates with a uniform velocity of about 2 km/sec 
irrespective of the f.d. On the other hand, the presence of the 
S1 mode at the frequency thickness product of 1.3 MHz-mm 
propagates with the rapidly increasing group velocity upto a 
frequency thickness product of 1.5 MHz-mm and further, 
the wave propagates with the constant velocity. However, 
the phase velocity of this mode decreases speedily with the  
increase in the frequency thickness product upto 1.5 MHz-
mm and then it propagates with constant speed. Similar 
behaviour is observed in the case of the A1, SH-S1, SH-A0 
and S2 wave mode, which are developed in the composite 
plate. Also, it is observed that at the higher frequency 
thickness product, lots of modes are generated which creates 
a difficulty in the identification of the developed modes. 
Due to this problem, it is irrelevant to study the 
characteristics of the wave at a higher frequency thickness 
product. But most of these generated wave modes propagate 
with the velocity of Rayleigh wave at higher f.d product 
which is seen by the converges of the velocities in the plot. 
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Fig. 5. Slowness curve representing the (a) group velocity (b) phase velocity at a frequency of 150 kHz  

 
Fig. 5 shows the slowness curve of the waves in the 0o ply 
oriented composite plate studied at the operating frequency 
of 150 kHz. It is most important to plot the slowness curve, 
especially in the case of anisotropic media due to the 
dependency of the elastic properties with respect to the 
direction. Hence, this will significantly affect the speed of 
the wave propagating in different directions.  
From Fig. 5, it can be observed that the S0 mode wave 
propagates with the maximum velocity in the direction, 
along which the plies are aligned. On the other hand, the 
wave propagates with the minimum velocity in the direction 
normal to the alignment of the fiber. Variation in the wave 
velocity of the SH-S0 mode is such that, the wave travels 
with the maximum velocity in the direction closer to the 
transverse direction of the fibres and then the velocity 
suddenly decreases when the wave propagates along the 
transverse direction of the fibres.  It is also noted that the 
SH-S0 mode is less dispersive than S0 and A0 mode 

irrespective of the direction of the wave propagation 
(steering angle) when it is operated at a frequency of 150 
kHz. Also, the A0 mode wave travels with the maximum 
velocity along the longitudinal direction of the fibre. This 
shows that the wave velocity of the different modes depends 
mainly upon the elastic properties of the plies and its 
orientation.  
Finally, it can be summarised that S0 wave mode propagates 
with a greater velocity along the longitudinal direction of 
plies and with a lower velocity along the transverse direction 
of the plies. On the other hand, the opposite behaviour is 
observed in the case of the SH-S0 mode as the wave 
propagates with a minimum velocity along the longitudinal 
direction of the fibre. In the case of A0 mode, the wave 
propagates with maximum velocity along the longitudinal 
direction of the plies of the surface lamina. 
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Fig. 6. Effect of in-plane load on the group velocity of the (a) S0 mode wave (b) A0 mode wave in 0o composite laminate 
 
 
 
 

Case Study 2:  Effect of the in-plane load on the velocity 
of different wave modes in the laminated composite 
plate.  

In this section, the study describing the effect of the in-plane 
load on the velocity of the different fundamental wave 
modes are carried out. The study is conducted by 
representing the load in term of percentage of strain 
developed on the plate. In this analysis, positive strain 
indicates the use of the tensile load on the plate while the 
negative strain depicts the plate subjected to the 
compressive load.  
 
Fig. 6 shows the influence of the group velocity of the Lamb 
mode due to the application of preload in the composite 
plate. The study is carried out by considering a portion of 
frequency thickness product from Fig. 4, where the wave 
velocity changes rapidly. It is observed from Fig. 6 (a) that 
the velocity of the S0 mode wave in the plate subjected to 
the initial load has a significant effect in the region where 
the wave velocity reduces quickly. Further, loading has a 
minor effect when the velocity begins to increase. Fig. 6 (b) 
shows the effect of the load on the group velocity of the A0 
mode at the lower frequency thickness product. The study 
indicates that for a frequency thickness product up to 2-3 
kHz-mm, the velocity of the A0 mode increases by a small 
amount with the increase in the tensile load applied to the 
plate. Further, at the higher frequency thickness product,  it 
is seen that the velocity of the wave in a preloaded plate 
subjected to larger tensile load is less than the velocity of the 
wave in a plate subjected to a smaller tensile load. Also, in 
the plate subjected to compressive load, the velocity of the 
A0 mode wave reduces rapidly at the lower value of 
frequency thickness product and further, the velocity 

increases with the increase in the frequency thickness 
product. This propagating behaviour of a wave mode is 
significantly seen in the plate subjected to a larger 
compressive load. It is also pointed out that larger the 
compressive strain, greater will be group velocity of A0 
mode wave. It is interesting to note that the velocity of the 
wave in a plate subjected to compressive load is greater than 
the velocity of the wave in the plate subjected to tensile load 
irrespective of the frequency. On the other hand, the SH-S0 
wave propagates with a steady velocity even after the 
influence of the preload on the plate which is seen from Fig. 
7 (a). However, the velocity by which the wave propagates 
is significantly affected due to the application of the loading. 
Similar behaviour is observed in the SH-A0 mode wave 
with the small variation in the velocity due to the influence 
of loading as seen in Fig. 7 (b). Unlike the A0 Lamb mode 
wave, the velocity of the SH mode wave in the plate 
subjected to tensile will be higher than the velocity of the 
wave in the plate subjected to compression. 
 
Moreover, the study is conducted to examine the variation 
of phase velocity in the preloaded plate. Fig. 8 (a) shows 
that there is a constant change in the S0 mode phase velocity 
due to the load applied in the plate. Fig. 8 (b) point out that 
at the lower frequency thickness product of 0- 3 kHz-mm, 
A0 mode phase velocity increases with the increase in the 
tensile load and this variation is quite large from the velocity 
in the unloaded plate. On the other hand, the variation in the 
velocity of the wave in the plate due to the compressive load 
is quite small at very low frequency thickness product. 
Further, with the increase in frequency thickness product, 
the deviation in the A0 mode phase velocity is quite 
constant with the application of loading.  
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Fig. 7. Effect of in-plane load on the group velocity of the (a) SH-S0 mode wave (b) SH-A0 mode wave  in 0o composite 

laminate  
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Fig. 8. Effect of the in-plane load on the phase velocity of the (a) S0 mode wave (b) A0 mode wave in 0o composite 
laminate  

 
 

 

The influence of loading on the phase velocity of the 
SH-S0 mode wave is shown in Fig. 9 (a). The study shows 
that no dispersive characteristic is observed in the case of 
SH-S0 mode as the phase velocity of the wave remains 
constant irrespective of the frequency thickness product 
which is alike the group velocity trend as observed in Fig. 7 

(a). The investigation on the influence of the load on the 
phase velocity of the SH-A0 mode is carried out and the 
results are shown in Fig. 9 (b). The study shows a constant 
deviation of the velocity for a large range of frequency 
thickness product which is similar to the behaviour of the 
group velocity of the SH-A0 mode in the prestressed plate.  
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(a)                                                                                             (b) 
Fig. 9. Effect of the in-plane load on the phase velocity of the (a) SH-S0 mode wave (b) SH-A0 mode wave in 0o 

composite laminate  
 
 

4. Conclusions 

The analysis to understand the dispersive behaviour of 
the wave propagating in the plate with infinite width using 
semi-analytical finite element method was extended to 
examine the effect of axial load.  
From the present study, it can be concluded that the S0 
Lamb wave mode is initially less dispersive for the lower 
frequency thickness product up to 1 MHz-mm and then the 
wave becomes highly dispersive for the frequency thickness 
product in-between 1 MHz-mm to 1.25 MHz-mm. Likewise, 
the SH-S0 mode wave propagates with a constant velocity 
irrespective of the exciting frequency of the wave. It is noted 
that at the higher frequency thickness product, A0 mode 
wave propagates with the velocity of the SH-S0 mode. 
From the slowness curve, it is shown that S0 and SH-S0 
mode wave velocity depends upon the equivalent elastic 
properties of the laminates, whereas the velocity of the A0 
mode depends on the elastic properties of the surface 
lamina.  
The introduction of the in-plane load in the composite plate 
has a significant influence on the dispersive characteristics 
of the A0 mode wave at the lower frequency thickness 
product. On the other hand, the velocity of the wave 
increases when the plate is subjected to tensile load and it 
gets reduced by the application of compressive load except 
for the group velocity of the A0 mode. Also, the application 
of the initial load on the composite plate does not influence 
the dispersive nature of the SH-S0 mode and it propagates 
with constant velocity irrespective of the excitation 
frequency.  
Therefore, the obtained results can be used to design the 
testing conditions for guided waves-based inspection of 
loaded and unloaded composite plate. 

 

Disclosures 
Free Access to this article is sponsored by                            

SARL ALPHA CRISTO INDUSTRIAL. 

 

References 

1. L. Pochhammer, Uber die Fortpflanzungsgeschwindigkeiten 
kleiner Schwingenungen in einem unbegrenzten isotropen 
Kreiszylinder, Zeitschrift fur reine und angewandte 
Matematik, 81, 1876, 325–336.  

2. C. Chree, The equations of an isotropic elastic solid in polar 
and cylindrical coordinates their solutions and applications, 
Trans. Cambridge Philos. Soc. 14, 1889 250–369.  

3. R. D. Mindlin, Waves and vibrations in isotropic elastic 
plates, (J.N. Goodir, N. Hoff (Eds.)), Structural Mechanics, 
Pergamon Press, Oxford, 1959, pp. 199–232. 

4. M. Onoe, Contour vibrations of thin rectangular plates, J. 
Acoust. Soc. Am. 30 (12), 1962 1159.  

5. D.C. Gazis, Three-dimensional investigation of the 
propagation of waves in hollow circular cylinders. I. 
Analytical foundation and II. Numerical results, J. Acoust. 
Soc. Am. 31 (5), 1959, 568–578.  

6. I.A. Victorov, Rayleigh and Lamb waves. Plenum Press, New 
York, 1967.  

7. K.F. Graff, Wave Motion in Elastic Solids. Dover, New York, 
1991.  

8. B.A. Auld, Acoustic Fields and Waves in Solids. 2nd ed., 
vols. 1 and 2, Kreiger, Malabar, FL, 1990.  

9. J.D. Achenbach, Wave Propagation in Elastic Solids. North- 
Holland, New York, 1984.  

10. A. K. Mal, Wave Propagation in Layered Composite 
Laminates under Periodic Surface Loads. Wave Motion 10, 
1988, 257-266.  



Kalgutkar and Banerjee / ASPS Conference Proceedings 1: 1413-1421 (2022) 

1421 

11. H. Baid, Christoph Schaal, H. Samajder, A. K. Mal, 
Dispersion of Lamb waves in a honeycomb composite 
sandwich panel, Ultrasonics 56, 2015, 409–416.  

12. W. T. Thomson, Transmission of Elastic Waves through a 
Stratified Solid Medium. J. Appl. Phys., vol. 21, no. 2, Feb. 
1950, pp. 89–93. 

13. N. A. Haskell, The dispersion of surface waves on 
multilayered media. Bull. Seismol. Soc. Am., vol. 43, no. 1, 
1953, pp. 17–34.  

14. Huber Armin H. A., Markus G. R. Sause, Classification of 
solutions for guided waves in anisotropic composites with 
large numbers of layers. The Journal of the Acoustical Society 
of America 144, 3236, 2018; doi: 10.1121/1.5082299 

15. L. Wang and S. I. Rokhlin, Stable reformulation of transfer 
matrix method for wave propagation in layered anisotropic 
media. Ultrasonics, vol. 39, no. 6, Oct. 2001, pp. 413–424.  

16. A. Kamal and V. Giurgiutiu, Stiffness Transfer Matrix 
Method (STMM) for stable dispersion curves solution in 
anisotropic composites. 2014, vol. 9064, p. 906410. 

17. L. Knopoff, A matrix method for elastic wave problems, Bull. 
Seismol. Soc. Am., vol. 54, January 1986, pp. 149–153. 

18. S. Banerjee, C. B. Pol, Theoretical modeling of guided wave 
propagation in a sandwich plate subjected to transient surface 
excitations, International Journal of Solids and Structures 49, 
2012, 3233–3241. 

19. L. Gavric, Computation of propagative waves in free rail 
using a finite element technique, J. Sound Vib. 185 (3), 1995, 
531–543. 

20. M.R. Chitnis, Y.M. Desai, A.H. Shah, T. Kant, Comparisons 
of displacement-based theories for waves and vibrations in 
laminated and sandwich composite plates., Journal of Sound 
and Vibration 263, 2003, 617–642.   

21. M.A. Biot, The Influence of Initial Stress on Elastic Waves. 
Journal of Applied Physics, 11, 1940, 522-530.   

22. D.S. Hughes, J.L. Kelly, Second-order elastic deformation of 
solids., Physical Review, 92, 1953, 1145.  

23. R.A. Toupin, B. Bernstein, Sound Waves in Deformed 
Perfectly Elastic Materials. Acoustoelastic Effect. Journal of 
the Acoustical Society of America, 33, 1961, 216-225.  

24. J. Qu, G. Liu, Effects of Residual Stress on Guided Waves in 
Layered Media., Springer US, 1998.  

25. M. Lematre, G. Feuillard, T. Delaunay, M. Lethiecq, 
Modeling of ultrasonic wave propagation in integrated 
piezoelectric structures under residual stress., Ultrasonics 
Ferroelectrics & Frequency Control IEEE Transactions on, 53, 
2006, 685-696.  

26. G. Mott, Elastic waveguide propagation in an infinite 
isotropic solid cylinder that is subjected to a static axial stress 
and strain. Journal of the Acoustical Society of America, 53, 
1973, 268-273(6).   

27. B. Dubuc, A. Ebrahimkhanlou, S. Salamone, Higher order 
longitudinal guided wave modes in axially stressed seven-wire 
strands. Ultrasonics, 84, 2018, 382-391.  

28. F. Chen, P.D. Wilcox, The effect of load on guided wave 
propagation. Ultrasonics, 47, 2007, 111-122.  

29. P.W. Loveday, P.D. Wilcox, Guided wave propagation as a 
measure of axial loads in rails. Proceedings of SPIE - The 
International Society for Optical Engineering, 7650, 2010, 
765023-765023-8.  

30. P. Loveday, C. Long, P. Wilcox, Semi-analytical finite 
element analysis of the influence of axial loads on elastic 
waveguides. Intechopen, 2012.  

31. A. Marzani, E. Viola, I. Bartoli, F.L.D. Scalea, P. Rizzo, A 
semi-analytical finite element formulation for modeling stress 
wave propagation in axisymmetric damped waveguides. 
Journal of Sound & Vibration, 318, 2008, 488-505.  

32. M. Mazzotti, A. Marzani, I. Bartoli, E. Viola, Guided waves 
dispersion analysis for prestressed viscoelastic waveguides by 
means of the SAFE method. International Journal of Solids & 
Structures, 49, 2012, 2359-2372.  

33. Z Yang, Z Wu, J Zhang, K Liu, Y Jiang, K Zhou, 
Acoustoelastic guided wave propagation in axial stressed 
arbitrary cross-section, Smart Materials and Structures, 2018; 
DOI: 10.1088/1361-665X/aadb6e  

34. F. Treyssède, A. Frikha, P. Cartraud, Mechanical modeling of 
helical structures accounting for translational invariance. Part 
2: Guided wave propagation under axial loads. International 
Journal of Solids & Structures, 50, 2013, 1383-1393.    

35. F. Treyssède, Dispersion curve veering of longitudinal guided 
waves propagating inside prestressed seven-wire strands. 
Journal of Sound & Vibration, 367, 2016, 56-68.  

36. Y Ma, Z Yang, J Zhang, K Liu, Z Wu, S Ma, Axial stress 
monitoring strategy in arbitrary cross-section based on 
acoustoelastic guided waves using PZT sensors. AIP 
Advances 9, 125304, 2019; doi: 10.1063/1.5130723.  

37. Xiang Yan, Fuh-Gwo Yuan, A semi-analytical approach for 
SH guided wave mode conversion from evanescent into 
propagating. Ultrasonics 84, 2018, 430–437. 

38. Hanfei Mei, Robin James, Victor Giurgiutiu, Damage 
detection in laminated composites using pure SH guided wave 
excited by angle beam transducer. Proc. SPIE 11381, Health 
Monitoring of Structural and Biological Systems IX, 
113810P, 22 April 2020; doi: 10.1117/12.2559558. 

39. V. Damljanovic´, R.L. Weaver, Propagating and evanescent 
elastic waves in cylindrical waveguides of arbitrary cross 
section, J. Acoust. Soc. Am. 115 (4), 2004, 1572–1581. 

40. H. Gao. Ultrasonic guided wave mechanics for composite 
material structural health monitoring. PhD thesis, The 
Pennsylvania State University, 2007. 

41. V. Damljanovic and R.L. Weaver. Forced response of a 
cylindrical waveguide with simulation of the wavenumber 
extraction problem. Journal of Acoustical Society of America, 
115(4):1582–1591, 2004. 

42. Finnveden, S. Evaluation of Modal Density and Group 
Velocity by a Finite Element Method. Journal of Sound and 
Vibration 273: 51–75, 2004. doi: 10.1016/j.jsv.2003.04.004. 

43. Bartoli, Ivan, Alessandro Marzani, Francesco Lanza di Scalea, 
and Erasmo Viola. Modeling Wave Propagation in Damped 
Waveguides of Arbitrary Cross- Section. Journal of Sound 
and Vibration, 295 (3-5): 2006, 685–707. doi: 
10.1016/j.jsv.2006.01.021. 

 


