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Abstract 

In present work, buckling analysis of laminated composite plates is carried out using recently proposed higher-order zigzag theory (HOZT). 
Third order variation of in-plane displacement field is taken across the thickness of the plate. For predicting the behavior efficiently for thick 
plates, quadratic variation of transverse displacement field is assumed for core layer and constant for face layers. The present theory satisfies 
inter-laminar transverse shear stress continuity condition at interface along with zero value at top and bottom surface of the plate. In present 
study, nine-noded finite element having eleven degrees of freedom per node is used. Present model is free from requirement of any kind of 
penalty function or C-1 condition. 
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1. Introduction 

Laminated composites are widely used in building 
various structures because of their property of tailor ability 
[1]. The demand for high-strength, high-modulus and low-
density industrial materials has generated an increased 
number of applications for fibre laminated composite 
structures in many different fields such as in submarines, 
sport equipment, medical instruments, civil engineering, 
enabling technologies, primary and secondary marine and 
aerospace structures, astronavigation and many more 
industries [2]. However, all these structures are expected to 
serve under changing environmental conditions (such as 
under different temperature or moisture). The stresses 
arising due to change in temperature are called as thermal 
stresses. If these stresses are not included during 
analysis/design stage, it may result in failure of structure. 

The analysis of laminated composite plates under 
thermal conditions is carried out by several researchers 
using different theories and methods. The simplest theory 
available is called as classical laminated theory (CLT). 
However, this theory neglects transverse deformations and 
hence is not able to predict true behavior of composites. 
This problem is solved by shear deformation theories. The 
simplest shear deformation theory is known as first-order 
shear deformation theory (FOSDT). This theory assumes 
constant transverse deformation. Some of the works 
regarding use of FODST for thermally induced buckling 
analysis of laminated composite plates are [3,4]. The main 
problem with this theory is incorporation of shear correction 
factor.The value of the shear correction factor depends upon 

a number of factors such as end conditions, geometrical 
properties, etc. [5]. 

However, the problem of inclusion of shear correction 
factor has been solved by using higher-order shear 
deformation theories (HOSDTs). Singh et al. [6] highlighted 
the benefits of inclusion of higher order terms during 
buckling analysis of laminated composite plates. Works  
available in literature regarding use of HOSDT for analysis 
laminated composite plates are [7-11]. A number of 
HOSDTs are available in the literature which differs from 
each other in the form of distribution of transverse shear 
stresses across the thickness. Highlighting the problems 
associated with HOSDT, Chakrabarti et al. [12] stated, 
“These theories predicted the continuous transverse shear 
strain across the thickness at interfaces with a discontinuity 
in the transverse shear stresses at interfaces. But the actual 
behavior of LCs is entirely different that is, the transverse 
shear stresses at interfaces must be continuous although 
discontinuity in transverse shear strains may exist. Also, 
additional dependent unknowns are introduced in HSDT 
with each new adding power of thickness coordinate. Even 
these theories do not satisfy the stress-free condition at the 
top and the bottom face of the laminated structure.” 

To handle the problem posed by HOSDTs, layerwise 
theories (LWT) are developed. In these theories, each layer 
is analyzed separately and the results are integrated over the 
entire thickness of the structure. Works available in 
literature on the application of LWTs for thermally induced 
buckling analysis are [13,14]. Regarding the application of 
LWTs, Chalak et al. [15] stated, “The main issue with these 
type of  
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theories lies in the handling of the number of unknowns. 
With the increase in the number of layers, the unknown 
increases which are difficult to evaluate. Thus, these theories 
are computationally inefficient for multi-layered structures.”  
Another class of LWTs called as refined layerwise theory or 
zigzag theory. 

In zigzag theories, the unknowns at each layer are 
defined with respect to unknowns at reference layer. This 
class of theory satisfies inter-laminar transverse shear stress 
continuity condition at interface along with zero value at top 
and bottom of plate. works available in literature pertaining 
used of higher-order zigzag theory (HOZT) for analysis of 
laminated composite plates under thermal conditions are 
[16-20]. Noor and Burton [21,22] presented 3D solutions for 
studying buckling behavior of laminated composite plates 
under thermal conditions. Recently, Garg and Chalak [23] 
presented a detailed review on the analysis of laminated 
composite and sandwich plates under hygrothermal 
conditions. 

In present work, buckling analysis of laminated 
composite plates is carried out by using recently proposed 
HOZT which includes transverse displacement field [24,25]. 

2. Mathematical Modelling 

The formulation is based on the following assumptions: 
• The middle plane of the plate is taken as reference 

plane. 
• The laminated plates consist of a number of layers 

bonded together. 
• The layers are perfectly bonded with each other. 
• The orthotropic layers may have any orientation 

with respect to the reference structural (plate) axes 
system. 

• The materials used obey Hooke’s law. 
• The in-plane displacement is taken asthird-order 

variation across the plate thickness with kinks at the 
layer interfaces according to HOZT. 

 Cubic variation of displacement field along x- and 
y-axis can be stated as (Fig. 1): 

 

𝑈(௫) = 𝑢(଴) + 𝑧𝜓(௫) + ∑ ൫𝑧 − 𝑧௜
(௨)

൯𝐻൫𝑧 −௡(ೠ)ିଵ
௜ୀଵ

𝑧௜
(௨)

൯𝐸௜
(௫௨)

+ ∑ ൫𝑧 − 𝑧௝
(௨)

൯𝐻൫−𝑧 + 𝑧௝
(௨)

൯𝐸௝
(௫௟)௡(೗)ିଵ

௝ୀଵ +

𝜁(௫)𝑧ଶ + 𝜇(௫)𝑧ଷ  (1) 

𝑉(௬) = 𝑣(଴) + 𝑧𝜓(௬) + ∑ ൫𝑧 − 𝑧௜
(௟)

൯𝐻൫𝑧 − 𝑧௜
(௟)

൯𝐸௜
(௬௨)௡(ೠ)ିଵ

௜ୀଵ +

∑ ൫𝑧 − 𝑧௝
(௟)

൯𝐻൫−𝑧 + 𝑧௝
(௟)

൯𝐸௝
(௬௟)௡(೗)ିଵ

௝ୀଵ + 𝜁(௬)𝑧ଶ + 𝜇(௬)𝑧ଷ

    (2) 
 

Quadratic variation of transverse displacement is taken 
quadratic for core layer while it is taken constant for face 
layer (Fig. 2): 
𝑊(௭) = 𝑙(ଵ)𝑤(௨) + 𝑙(ଶ)𝑤(଴) + 𝑙(ଷ)𝑤(௟)(𝑓𝑜𝑟𝑐𝑜𝑟𝑒) =

𝑤(௨)(𝑓𝑜𝑟𝑢𝑝𝑝𝑒𝑟𝑓𝑎𝑐𝑒𝑙𝑎𝑦𝑒𝑟) = 𝑤(௨)(𝑓𝑜𝑟𝑙𝑜𝑤𝑒𝑟𝑓𝑎𝑐𝑒𝑙𝑎𝑦𝑒𝑟)
  (3) 

For an orthotropic lamina, the stress-strain relationship 
can be written as: 

{𝜎ത}(଺×ଵ) = [𝑄௞
തതതത](଺×଺)[{𝜀}̅(଺×ଵ) − {𝛼}Δ𝑇 − {𝛽}Δ𝐶] or 

{𝜎ത} = [𝑄௞
തതതത]{𝜀}̅௡௘௧   (4) 

where, {𝜀}̅௡௘௧ = {𝜀}̅ − {𝜀}̅௧௛௘௥௠௔௟ 

 
Fig. 1. In-plane displacement variation for laminated 

composite plate. 
 

 
Fig. 2. Transverse displacement variation across thickness of 

laminated composite plate. 
 

Imposing shear stress continuity condition in transverse 
direction at layer interface, zero or transverse shear stress 
free condition at top and bottom of plate and conditions of 
𝑈 = 𝑢(௨), 𝑉 = 𝑣(௨) at top of the plate and 𝑈 = 𝑢(௟), 𝑉 =
𝑣(௟)at bottom of the plate, 

𝜁(௫), 𝜁(௬), 𝜇(௫), 𝜇(௬), 𝐸௜
(௫௨)

, 𝐸௝
(௫௟)

, 𝐸௜
(௬௨)

, 𝐸௝
(௬௟)

, (𝜕𝑤௨ 𝜕𝑥⁄ ), 
(𝜕𝑤௟ 𝜕𝑥⁄ ), (𝜕𝑤௨ 𝜕𝑦⁄ ), (𝜕𝑤௟ 𝜕𝑦⁄ ) can be written in form of 
displacements 𝑢(଴), 𝑣(଴), 𝜓(௫), 𝜓(௬), 𝑢(௨), 𝑢(௟), 𝑣(௨), 𝑣(௟)as: 
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൫𝜕𝑤(௨) 𝜕𝑥⁄ ൯൫𝜕𝑤(௟) 𝜕𝑥⁄ ൯൫𝜕𝑤(௨) 𝜕𝑦⁄ ൯൫𝜕𝑤(௟) 𝜕𝑦⁄ ൯]்

൛𝑢(଴), 𝑣(଴), 𝜓(௫), 𝜓(௬), 𝑢(௨), 𝑢(௟), 𝑣(௨), 𝑣(௟)ൟ
்

 

or [𝐵] = [𝐴]{𝐹}    (5) 
Elements of [A] are function of material properties. 

Since last four entries in [B] represents derivative of 
transverse displacement field at top and bottom of plate in 
terms of elements of {F} helps in eliminating problem 
associated with C-1 continuity requirements. 

Using elements of {F}, Eq. (1) & (2) can be written as: 
𝑈 = 𝑏(ଵ)𝑢(଴) + 𝑏(ଶ)𝑣(଴) + 𝑏(ଷ)𝜓(௫) + 𝑏(ସ)𝜓(௬) +

𝑏(ହ)𝑢(௨) + 𝑏(଺)𝑣(௨) + 𝑏(଻)𝑢(௟) + 𝑏(଼)𝑣(௟) (6) 
𝑉 = 𝑐(ଵ)𝑢(଴) + 𝑐(ଶ)𝑣(଴) + 𝑐(ଷ)𝜓(௫) + 𝑐(ସ)𝜓(௬) +

𝑐(ହ)𝑢(௨) + 𝑐(଺)𝑣(௨) + 𝑐(଻)𝑢(௟) + 𝑐(଼)𝑣(௟) (7) 
Coefficients bi’s and ci’s are function of thickness 

coordinates, material properties and unit step function. 
Applying four additional conditions of satisfying 

displacement along x- and y- directions at top and bottom of 
plate, derivatives of transverse displacements can be written 
in form of nodal field variables appearing in Eq. (5). Hence, 
Eq. (6) & (7) is free from any kind of C-1 continuity 
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requirements without defining new field variables or 
incorporating any kind of penalty function. 

Using Eq. (3), (6) & (7) the generalised displacement 
vector {γ} can be written as: 

{𝛾} = ൛𝑢(଴)𝑣(଴)𝑤(଴)𝜓(௫)𝜓(௬)𝑢(௨)𝑣(௨)𝑤(௨)𝑢(௟)𝑣(௟)𝑤(௟)ൟ
்
 

With the help of unknowns, linear train-displacement 
relationships can be written as: 

{𝜀}̅(଺×ଵ) = ቂ
డ௎

డ௫

డ௏

డ௬

డௐ

డ௭

డ௎

డ௫
+

డ௏

డ௬

డ௎

డ௭
+

డௐ

డ௫

డ௏

డ௭
+

డௐ

డ௫
ቃ 𝑜𝑟 =

[𝐻](଺×ଷଷ){𝜀}(ଷଷ×ଵ)  (8) 
where elements of [H] are function of unit step function 

and z 
Using nine-noded quadratic finite element having eleven 

degrees of freedom per node {u(0), v(0), w(0),ψ(x), ψ(y), u(u), 
v(u), w(u), u(l), v(l), w(l)}, generalised displacement vector can 
be written as: 

𝛾 = ∑ 𝑁௜𝛾௜
ଵଵ
௜ୀଵ     (9) 

Using above Eq., Eq. (8) can be written in term of 
unknowns as: 

{𝜀}(଺×ଵ) = [𝐵](଺×ଽଽ){𝛾}(ଽଽ×ଵ)  (10) 
where [B] is strain-displacement relationship in Cartesian 
coordinate system. 

Writing strain-displacement relationship in linear range, 
and with the help of Equations (1) - (6), the strains can be 
written in form of unknowns as: 

{𝜀}̅ = {𝜀}̅௅௜௡௘௔௥ + {𝜀}̅ே௢௡ି௟௜௡௘௔௥  (11) 
where, 
{𝜀}̅௅௜௡௘௔௥  can be calculated as per Equation (8). 
{𝜀}̅௅௜௡௘௔௥ = [𝐻]{𝜀}௅௜௡௘௔௥, 

 
{𝜀}̅ே௢௡ି௟௜௡௘௔௥
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 × 
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1
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[𝐴ீ][Λ] =

1

2
[𝐻ீ][𝐵]{𝛿} 

and the elements contained in [𝐻], [𝐴ீ] and [𝐻ீ] are 
function of unit step function and thickness coordinate 
and[𝐵]is the strain-displacement relationship in Cartesian 
coordinates. 

With the matrix [𝐵] in the above equation, the geometric 
stiffness matrix ൣ𝐾௚௘൧ can be derived and may be written as 
ൣ𝐾௚௘൧ =  ∑ ∭[𝐵]்[𝑆௞][𝐵]𝑑𝑥𝑑𝑦𝑑𝑧௡௨ା௡௟

௜ୀଵ  (12) 
where [𝑆௞] is the in-plane stress components of the kth layer 
can be written as 

[𝑆௞] =  

⎣
⎢
⎢
⎢
⎢
⎡
𝜎௫௫

𝜏௫௬

0
0
0
0

𝜏௫௬

𝜎௬௬

0
0
0
0

0
0

𝜎௫௫

𝜏௫௬

0
0

0
0

𝜏௫௬

𝜎௬௬

0
0

0 0
0 0
0 0
0 0

𝜎௫௫ 𝜏௫௬

𝜏௫௬ 𝜎௬௬⎦
⎥
⎥
⎥
⎥
⎤

 

The total potential energy of the plate under hygrothermal 
and transverse load may can be written as: 
Π௘ = 𝑈௦ − 𝑊௘௫௧     (13) 
where, US is the plate’s strain energy and Wext is the energy 
due to external loading. 

𝑈௦ =
ଵ

ଶ
∑ ∭{𝜀௡̅௘௧}்[𝐶̅]௞{𝜀௡̅௘௧}𝑑𝑥𝑑𝑦𝑑𝑧௡

௞ୀଵ  (14) 

𝑈௦ୀ
ଵ

ଶ
∬[{𝜀}்[𝐷]{𝜀}]𝑑𝑥𝑑𝑦 − ∬{𝜀}்[𝑓௛௬௚௥௢௧௛௘௥௠௔௟]𝑑𝑥𝑑𝑦 +

ଵ

ଶ
∑ ∭൛𝜀௛௬௚௥௢௧௛௘௥௠௔௟ൟ

்
[𝑄ത]௞൛𝜀௛௬௚௥௢௧௛௘௥௠௔௟ൟ𝑑𝑥𝑑𝑦𝑑𝑧௡

௞ୀଵ  (15) 

where, 
[𝐷] = ∑ ∫[𝐻]்[𝑄ത]௞[𝐻]𝑑𝑧௡

௞ୀଵ  and [𝑓௛௘௥௠௔௟] =
∑ ∫[𝐻]்[𝑄ത]௞[𝜀௧௛௘௥௠ ]𝑑𝑧௡

௞ୀଵ  
While applying the principle of minimum potential 

energy, the last term appearing in the Equation (2.15) will 
vanish. The energy due to external load = 0 because no 
external mechanical load is acting on the plate. Only thermal 
loading is acting on the plate. 

Now, calculating the elemental potential energy by 
combining Equations (2.12), (2.14) as 

Π௘ = (1 2⁄ ) ∬{𝛿}்[𝐵]்[𝐷][𝐵]{𝛿}𝑑𝑥𝑑𝑦 −
(1 2⁄ ) ∬{𝛿}்[𝐵]்[𝑓௛௬௚௥௢௧௛௘௥௠௔௟]𝑑𝑥𝑑𝑦  

Π௘ = (1 2⁄ ){𝛿}்[𝐾௘]{𝛿} − (1 2⁄ ){𝛿}்{𝑃௘
௧௛௘௥௠௔௟}

   (17) 
where, 
[𝐾௘] = ∬[𝐵]்[𝐷][𝐵]𝑑𝑥𝑑𝑦 is the stiffness matrix, 
{𝑃௘

௧௛௘௥௠௔௟} = ∬[𝐵]்[𝑓௧௛௘௥௠௔௟]𝑑𝑥𝑑𝑦 is hygrothermally 
induced elemental load vector. 

By minimizing the Equation (17) with respect to {𝛿}, 
we get 

[𝐾௘]{𝛿} = ൛𝑃௘
௛௬௚௥௢௧௛௘௥௠௔

ൟ  (18) 
For the thermal buckling analysis, in the first step, a 

static problem is solved as per governing equation (18) to 
calculate thermal stresses at the Gauss points of different 
elements for assumed temperature/moisture concentration 
rise or fall. Finally, these thermal stresses are used to form 
the matrix [𝑆௞] of the geometric stiffness matrix and the 
linear thermal buckling problem is solved as eigen value 
problem using Equation (19) 

[𝐾௘]{𝛿} = 𝜆ൣ𝐾௚௘൧{𝛿}   (19) 
where 𝜆 is buckling load factor. 
The skyline storage technique is used to store global 

stiffness matrix in single array and simultaneous iteration 
technique is used for solving the buckling equation (19). 
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3. Results and Discussion 
 

Convergence and Validation study: For convergence and 
validation study, 10-layered simply supported angle-ply 
laminated composite plate (𝜃଴/−𝜃଴/𝜃଴/−𝜃଴ …ଵ଴ )is taken. 
Material properties are taken as: 𝐸ଵ 𝐸ଶ⁄ = 15, 𝐺ଵଶ = 𝐺ଵଷ =
0.5𝐸ଶ, 𝐺ଶଷ = 0.3356𝐸ଶ, 𝜈ଵଶ = 0.3, 𝜈ଶଷ = 0.49, 𝛼ଵ 𝛼଴⁄ =
0.015, 𝛼ଶ 𝛼଴⁄ = 1, 𝛼ଶ = 𝛼ଷ, 𝛼଴ = 10ି଺. Plate is subjected to 
equal rise or fall of temperature at top and bottom surfaces. 
Sinusoidal temperature variation is taken as: Δ𝑇(𝑥, 𝑦, ±ℎ/
2 ) = 𝑇଴ sin(𝜋𝑥 𝑎⁄ ) sin(𝜋𝑦 𝑏⁄ ). The results for non-
dimensional buckling load (∅ = 𝛼଴𝑇௖௥) are reported in Table 
1 (𝑇଴ = 1.0). It can be seen that the present results converge 
at mesh size of 12x12. Hence, in further studies same mesh 
size is taken. Present results are compared with the 3D 
elasticity-based results given by Noor and Burton [22], 2 
different FEs (9 d.o.f and 11 d.o.f. per node) based higher-
order shear deformation theory (HOSDT9,HOSDT11) by 
Babu and Kant [26] and Fourier series based global-local 
higher order theory (GLHOT) published by Matsunaga [27]. 
It is observed that the present model is able to predict 
resultsmore accurately when compared with the 3D elastic 
solutions even for thick plates. (% 𝑒𝑟𝑟𝑜𝑟 =

 
௉௥௘௦௘௡௧ ିଷ஽ ௘௟௔௦௧௜௖௜௧௬

ଷ஽ ௘௟௔௦௧௜௖௜௧௬
× 100). It is seen that for thick plates, 

maximum % error is observed as 0.35%. with increase in 
thickness to side ratio (h/a) of the plate, non-dimensional 
buckling load increases. Fig. 3 shows fundamental buckling 
mode shape for h/a=0.01 and angle of ply equals 0°. 

 
Table 2 shows results for non-dimensional buckling 

load for same plate with all sides clamped boundary 
condition. It is seen that, with increase in thickness ratio 
(h/a), non-dimensional critical buckling load increases as 
expected. Also, the clamped plate shows buckling at higher 
temperature as compared to simply supported plate. Thus, 
the present model is able to predict the non-dimensional 
buckling load especially for thick plates efficiently without 
using any post-processing technique. It is seen that the 
maximum value of non-dimensional buckling load is 
observed at 45°. 
 

Table 1. Convergence and validation of non-
dimensional critical buckling load (∅) for square shaped 
simply supported 10-layered angle-ply laminated composite 
plate subjected to equal rise or fall of temperature at top and 
bottom surfaces (values inside parenthesis indicates mesh 
size). 
h/a Source 𝜃଴ 

0° 15° 30° 
0.01 Present (8x8) 0.7470-3 0.1122-2 0.1508-2 

Present (12x12) 0.7465-3 0.1117-2 0.1502-2 
Present (16x16) 0.7465-3 0.1117-2 0.1502-2 
3D Elasticity [22] 0.7463-3 0.1115-2 0.1502-2 
% Error 0.02 0.17 0.000 
HOSDT11 [26] 0.7471-3 0.1116-2 0.1502-2 
HOSDT9 [26] 0.7470-3 0.1116-2 0.1502-2 
GLHOT [27] 0.7463-3 0.1115-2 0.1502-2 

0.20 Present 0.1466-0 0.1759-0 0.2378-0 
3D Elasticity [22] 0.1463-0 0.1753-0 0.2377-0 
% Error 0.20 0.34 0.04 
HOSDT11 [26] 0.1441-0 0.1773-0 0.2449-0 
HOSDT9 [26] 0.1417-0 0.1764-0 0.2421-0 
GLHOT [27] 0.1436-0 0.1765-0 0.2432-0 

 

 
Fig. 3. Non-dimensional fundamental buckling mode 

shape for 10-layered angle-ply laminated composite plate 
(h/a=0.01). 
 
 
Table 2. Non-dimensional critical buckling load (∅) for 
square shaped clamped 10-layered angle-ply laminated 
composite plate subjected to equal rise or fall of temperature 
at top and bottom surfaces. 
h/a 𝜃଴ 

0° 15° 30° 45° 

0.01 0.1891-2 0.2317-2 0.3413-2 0.3447-2 

0.02 0.7275-2 0.8880-2 0.1306-1 0.1323-1 

0.05 0.3729-1 0.4450-1 0.6630-1 0.6892-1 

0.10 0.9758-1 0.1116-0 0.1581-0 0.1810-0 

0.20 0.1870-0 0.2068-0 0.2702-0 0.3191-0 

 
 

4. Conclusion 
 
In the present work, a recently proposed third-order in-

plane displacement field based zigzag theory was used for 
the buckling analysis of laminated composite plates under 
thermal conditions. for transverse displacement field, 
quadratic variation was taken for core layer while constant 
for face layers. Zigzag effects were incorporated using linear 
Heaviside unit step function. Proposed theory satisfies inter-
laminar stress continuity condition at interface along with 
zero values at top and bottom surfaces. The proposed theory 
was free from any kind of penalty requirement or post-
processing technique. Nine-noded C-0 finite element having 
twelve d.o.f. per node was used. The efficiency of the 
proposed model was studied by comparing the present 
results with those available in literature and were found to be 
in good agreement. 
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